In this paper, we introduce a new integrodifferential operator associated with the Hurwitz Lerch Zeta function in the puncture open disk of the meromorphic functions. We also obtain some properties of the third-order differential subordination and superordination for this integrodifferential operator, by using certain classes of admissible functions.
Introduction
Let Σ denote the class of functions f (z) of the form
which are analytic in the punctured open unit disc U * = U\{0} = {z ∈ C : 0 < |z| < 1}. The function f (z) has a simple pole at z = 0.
We begin by recalling that a general Hurwitz-Lerch Zeta function Φ(z, s, b) defined by (see, for example, [18 introduced by Bajpai [4] .
We denote by H[a, n], the class of analytic functions in U in the form f (z) = a + ∞ k=n a k z k (a ∈ C; n ∈ N = {1, 2, · · · })
and H = H [1, 1] .
In our investigation we need the following definitions and theorem: Definition 1.1. Let f (z) and F(z) be analytic functions. The function f (z) is said to be subordinate to F(z), written f (z) ≺ F(z), if there exists a function w(z) analytic in U with w(0) = 0 and |w(z)| < 1, and such that 
is analytic in U and satisfies the third-order differential subordination:
is called a solution of the differential subordination. A univalent function q(z) is called a dominant of the solutions of the differential subordination or more simply a dominant if p(z) ≺ q(z) for all p(z) satisfying(1.5). A dominant q(z) that satisfies q(z) ≺ q(z) for all dominants of (1.5) is called the best dominant of (1.5).
Definition 1.4. [2, P. 440]
Let Ω be a set in C, q ∈ D and n ∈ N\{1}. The class of admissible functions Ψ n [Ω, q] consists of those functions ψ : C 4 × U → C that satisfy the admissibility condition :
where z ∈ U; ζ ∈ ∂U\E(q) and k ≥ n. 
are univalent in U and satisfy the following third-order differential superordination: 
where z ∈ U, ζ ∈ ∂U and m ≥ n ≥ 2.
Also, we need the following theorems in our investigations:
with n ∈ N\{1}. Also, let q(z) ∈ D(a) and satisfy the following conditions:
where z ∈ U; ζ ∈ ∂U\E(q) and k ≥ n. If Ω is a set in C, ψ ∈ Ψ n [Ω, q] and
is univalent in U and p(z) ∈ D(a) satisfy the following conditions:
and
In this paper, by using the third-order differential subordination and superordination results by Antonino and Miller [2] and Tang et al. [22] , we define certain classes of admissible functions and investigate some subordination and superordination properties of meromorphic functions associated with the integrodifferential operator J * s,b
defined by (1.3). Furthermore, new differential sandwich-type theorems are obtained.
Third Order Differential Subordination with J * s,b
Definition 2.1. Let Ω be a set in C and q(z) ∈ D. The class of admissible functions Φ Γ [Ω, q] consists of those functions φ : C 4 × U → C that satisfy the admissibility condition:
, s ∈ C, ζ ∈ ∂U\E(q) and k ∈ N\{1}.
If f (z) ∈ Σ and q(z) ∈ D 1 satisfy the following conditions:
Proof. Let us define the analytic function p(z) as:
Using the definition of J * s,b
f (z), we can prove that
then we get
which implies
Also, we can see that
Let us define the parameters a 1 , a 2 , a 3 and a 4 as:
Now, we define the transformation
By using the relations from (2.4) to (2.8), we have
Therefore, we can rewrite (2.2) as
Then the proof is completed by showing that the admissibility condition for φ ∈ Φ Γ [Ω, q] is equivalent to the admissibility condition for ψ as given in Definition (1.3), since
We also note that
Therefore, ψ ∈ Ψ 2 [Ω, q] and hence by Theorem 1.1, p(z) ≺ q(z).
If Ω C is a simply connected domain, then Ω = h(U) for some conformal mapping h(z) of U onto Ω. In this case the class
The following theorem is a directly consequence of Theorem 2.1 . 
The next corollary is an extension of Theorem 2.1 to the case where the behavior of q(z) on ∂U is not known.
Corollary 2.1.
Let Ω ⊂ C and let q(z) be univalent in U, q(0) = 1. Let φ ∈ Φ Γ [Ω, q ρ ] for some ρ ∈ (0, 1) where
where z ∈ U and ζ ∈ ∂U\E(q ρ ).
Proof. By using Theorem 2.1, we have J * s,b f (z) ≺ q ρ (z). Then we obtain the result from q ρ (z) ≺ q(z).
Corollary 2.2.
Let Ω ⊂ C and let q(z) be univalent in U,
has a solution q(z) with q(0) = 1 which satisfies (2.1). If f (z) ∈ Σ satisfies (2.17) and
and q(z) is the best dominant of (2.19).
Proof. By using Theorem 2.1 that q(z) is a dominant of (2.17). Since q(z) satisfies (2.18), it is also a solution of (2.17) and therefore q(z) will be dominated by all dominants. Hence q(z) is the best dominant.
In the case q(z) = 1 + Mz (M > 0) and in view of the Definition 2.1, the class of admissible functions 
where z ∈ U, Re(Le −iθ ) ≥ (k − 1)kM and Re(Ne −iθ ) ≥ 0 for all real θ and k ∈ N\{1}.
If f (z) ∈ Σ satisfies the following conditions: a 2 , a 3 , a 4 ; z) = a 2 − a 1 .
Using Corollary 2.3 with Ω = h (U) and
Since the condition (2.21) is satisfied from the condition (2.24) and
then we have Corollary 2.6. φ(a 1 , a 2 , a 3 , a 4 ; ζ) ∈ Ω, whenever a 1 = q(z), a 2 = ζq (z) + b q(z) mb ,
